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AUTOMORPHISMS OF RELATIVE QUOT SCHEMES
CHANDRANANDAN GANGOPADHYAY
Abstract. Let X, S be two smooth projective varieties and X → S be a smooth family of projective
curves of genus ≥ 2 over an algebraically closed field k and let E be a vector bundle of rank r ≥ 3
over X and P(E) be its projectivization. Fix d ≥ 1. Let Q(E, d) be the relative quot scheme of torsion
quotients of E of degree d. Then we show that the identity component of the group of automorphisms
of Q(E, d) over S is isomorphic to the identity component of the group of automorphisms of P(E) over
S. As a corollary, the identity component of the automorphism group of flag scheme of filtrations of
torsion quotients of Or
C
, where r ≥ 3 and C a smooth projective curve of genus ≥ 2 is computed.
1. Introduction
Let pS : X → S be a smooth family of projective curves over an algebraically closed field k. Assume
X and S are smooth projective varieties. Let E be a vector bundle over X of rank r ≥ 3.
Fix d ≥ 1. Let πS : Q(E, d)→ S be the relative Quot scheme [1,Th.2.2.4] whose closed points correspond
to quotients E|Xs → Bd, ∀s ∈ S where Xs is the fibre of pS over S, and Bd is a torsion sheaf over the
smooth projective curve Xs of degree d.
Notation. If f : Y → Z is a smooth morphism between two projective varieties, let us denote the
automorphism group of Y over Z by Aut(Y/Z). It is known that Aut(Y/Z) is a group scheme and let
its identity component be denoted by Auto(Y/Z). Let TY/Z be the relative tangent bundle of f . Then
Lie(Auto(Y/Z)) = H0(Y, TY/Z) [3,(1)].
Let us denote the projective bundle associated to E by P(E). Note that Q(E, 1) ∼= P(E).
Then, we will be proving the following theorem:
Theorem 2.1 (i)Auto(Q(E, d)) ∼= Auto(P(E)/S)
(ii) H0(X, TP(E)/S) ∼= H
0(Q(E, d), TQ(E,d)/S)
In the third section, we will use Theorem 2.1 to compute the automorphism group in certain specific
cases.
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2. Main Theorem
Theorem 2.1. (i)Auto(Q(E, d)) ∼= Auto(P(E)/S)
(ii) H0(X, TP(E)/S) ∼= H
0(Q(E, d), TQ(E,d)/S)
Proof. Note that by [3, Cor 2.2], any automorphism g ∈ Auto(P(E)/S) descends to an automorphism
g′ ∈ Auto(X/S). Therefore we have the following diagram:
P(E) ∼= P((g′)∗E) P(E)
X X
g
p p
g′
Then, E ∼= (g′)∗E
⊗
p∗L for some line bundle L on X . Let us denote this isomorphism of bundles by
Ψg.
It is clear that Ψg induces an automorphism ofQ(E, d) by sending [E|p−1
S
(s) → Bd → 0] to [Ep−1
S
(s)
Ψ|
p
−1
S
(s)
−−−−−→
(g′)∗(E|p−1
S
(s)→ Bd → 0)
⊗
L|p−1
S
(s)].
Hence, we have a homomorphism Auto(P(E)/S)→ Auto(Q(E, d)/S) and clearly it is injective.
Hence, we have morphism of lie algebras: H0(X, TP(E)/S) →֒ H
0(Q(E, d), TQ(E,d)/S).
Now, by Theorem 2.2(iii), both are of same dimension as vector spaces. Therefore,
H0(X, TP(E)/S) ∼= H
0(Q(E, d), TQ(E,d)/S). Hence, Aut
o(Q(E, d)) ∼= Auto(P(E)/S). 
Let Z be the fibered product of d copies of P(E) over S. Then
Theorem 2.2. (i)There exists an open subset U ⊆ Z and a dominant map Φ : U → Q(E, d) over S such
that codimZ(Z \ U) ≥ 2
(ii)H0(U ,Φ∗TQ(E,d)/S) =
d⊕
i=1
H0(P(E), TP(E)/S)
(iii)The natural map H0(Q(E, d), TQ(E,d)/S) → H
0(U ,Φ∗TQ(E,d)/S) =
d⊕
i=1
H0(P(E), TP(E)/S) is an in-
jection and is invariant under permutation of the components of
d⊕
i=1
H0(P(E), TP(E)/S) i.e. we have an
injection H0(Q(E, d), TQ(E,d)/S) →֒ H
0(X, TP(E)/S).
Proof. (i) Let p : P(E)→ X be the projection. Let pi be the i-th projection of Z to P(E). For, i 6= j, let
∆i,j be the closed subscheme of Z given by the equation pi = pj , and for i, j, k all distinct, let ∆i,j,k,X
be the subscheme given by the equation p ◦ pi = p ◦ pj = p ◦ pk. Let U = Z \ (
⋃
i,j
∆i,j
⋃ ⋃
i,j,k
∆i,j,k,X).
Now, let π1 and π2 are the first and secong projections from X ×S Z to X and Z respectively, and let
pi ◦π2 be denoted by π2,i. Let ∆i be the closed subscheme of X×S Z given by the equation π1 = p◦π2,i.
Then, consider the following morphism of sheaves over X ×S Z:
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π∗1E
d⊕
i=1
π∗2,iO(1)|∆i
q
Here, π∗1E → π
∗
2,iO(1)|∆i is given by the composition of morphisms π
∗
1E → π
∗
1E|∆i followed by π
∗
1E|∆i
∼=
π∗2,iE|∆i → π
∗
2,iO(1)|∆i .
Let u ∈ U . Then, (
d⊕
i=1
π∗2,iO(1)|∆i)|X×S{u} =
d⊕
i=1
kp◦pi(u), and the surjection E|X×S{u} → kp◦pi(u) is
given by the element pi(u).
By definition of U , for any 1 ≤ i ≤ d, there can exist atmost one j 6= i such that p ◦ pi(u) = p ◦ pj(u),
and for such a pair (i, j), pi(u) 6= pj(u), i.e. the homomorphism E|X×S{u} → kp◦pi(u)
⊕
kp◦pj(u) is a
surjection.
Therefore, q|X×S{u} is surjective ∀u ∈ U , and clearly (
d⊕
i=1
π∗2,iO(1)|∆i)|X×S{u} =
d⊕
i=1
kp◦pi(u) has length d.
Hence, by universal property of Q(E, d), q induces a map Φ : U → Q(E, d), which is dominant [6,Th.2.1].
(ii)Let us denote the projection X ×S Q(E, d)→ X by πX and the projection X ×S Q(E, d)→ Q(E, d)
by pQ i.e. we have the following diagram:
X ×S Q(E, d) X
Q(E, d) S
piX
pQ pS
piS
Over X ×S Q(E, d), we have the universal exact sequence:
0 A(E, d) π∗XE B(E, d) 0
Then, it is known that A(E, d) is a vector bundle of rank r [4, Lemma 2.2] and
TQ(E,d)/S = (pQ)∗Hom(A(E, d),B(E, d)). [1, Prop.2.2.7]
Now, we have the following diagram:
X ×S U X ×S Q(E, d)
U Q(E, d)
idX×Φ
pi1 pQ
Φ
By Grauert’s theorem [7, Cor.12.9], We get that
Φ∗TQ(E,d)/S = (Φ)
∗(pQ)∗Hom(A(E, d),B(E, d)) ∼= (π1)∗(idX × Φ)
∗Hom(A(E, d),B(E, d))
Now, since A(E, d) is a vector bundle, we have
(idX ×S Φ)
∗Hom(A(E, d),B(E, d)) = Hom(Φ∗A(E, d),Φ∗B(E, d))
Let us denote the kernel of q by F(E, d). Then, by the definition of the map Φ, we have Φ∗B(E, d) ∼=
(
d⊕
i=1
π∗2,iO(1)|∆i)|X×SU . Also, Φ
∗A(E, d) ∼= F(E, d)|X×SU , since by [4, Lemma 2.2] F(E, d)|X×SU is again
a vector bundle of rank r, and there exists a surjection Φ∗A(E, d)։ F(E, d)|X×SU .
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Therefore, Φ∗TQ(E,d)/S = Hom(F(E, d),
d⊕
i=1
π∗2,iO(1)|∆i)|X×SU .
Now (ii) follows from Lemma 2.3.
(iii)Note that since Φ : U → Q(E, d) is dominant, then induced map
H0(Q(E, d), TQ(E,d)/S)→ H
0(U ,Φ∗TQ(E,d)/S) =
d⊕
i=1
H0(P(E), TP(E)/S) is an injection.
Now, since Φ : U → Q(E, d) is invariant under any permutation of the various P(E) factors of U , hence,
the map H0(Q(E, d), TQ(E,d)/S) →֒
d⊕
i=1
H0(P(E), TP(E)/S) factors through the H0(P(E), TP(E)/S) →֒
d⊕
i=1
H0(P(E), TP(E)/S). 
Lemma 2.3. H0(X ×S U ,Hom(F(E, d), π
∗
2,jO(1)|∆j )|X×SU ) = H
0(P(E), TP(E)/S) ∀j
Proof. Over X ×S U , we have the following commutative diagram:
0
0
d⊕
i=1,i6=j
π∗2,iO(1)|∆i
0 F(E, d) π∗1E
d⊕
i=1
π∗2,iO(1)|∆i 0
0 (π1 × π2,j)
∗F(E, 1) π∗1E π
∗
2,jO(1)|∆j 0
0
∼=
Now, using snake lemma for the above diagram, we get the following exact sequence over X ×S U :
0 F(E, d) (π1 × π2,j)
∗F(E, 1)
d⊕
i=1,i6=j
π∗2,iO(1)|∆i 0 (2.1)
Applying Hom( , π∗2,jO(1)|∆j ) and Lemma 2.4(i) to the exact sequence (2.3), we get that over X ×S U ,
we have the following exact sequence:
0 Hom((π1 × π2,j)
∗F(E, 1), π∗2,jO(1)|∆j ) Hom(F(E, d), π
∗
2,jO(1)|∆j )
0 Ext1(
d⊕
i=1,i6=j
π∗2,iO(1)|∆i , π
∗
2,jO(1)|∆j )
Applying H0 to the above exact sequence and using Lemma 2.4(i) and (ii), we get that
H0(X ×S U ,Hom(F(E, d), π
∗
2,jO(1)|∆j ) = H
0(P(E), TP(E)/S). 
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Lemma 2.4. (i) Hom(
d⊕
i=1,i6=j
π∗2,iO(1)|∆i , π
∗
2,jO(1)|∆j ) = 0
(ii) H0(X ×S U , Ext
1(
d⊕
i=1,i6=j
π∗2,iO(1)|∆i , π
∗
2,jO(1)|∆j )) = 0
(iii) H0(X ×S U ,Hom((π1 × π2,j)
∗F(E, 1), π∗2,jO(1)|∆j )) = H
0(P(E), TP(E)/S)
Proof. (i) Hom(
d⊕
i=1,i6=j
π∗2,iO(1)|∆i , π
∗
2,jO(1)|∆j ) =
d⊕
i=1,i6=j
Hom(π∗2,iO(1)|∆i , π
∗
2,jO(1)|∆j ) =
d⊕
i=1,i6=j
(π∗2,iO(−1)
⊗
π∗2,jO(1))Hom(O∆i ,O∆j ).
Now, by adjunction, HomOX×SZ (O∆i ,O∆j ) = HomO∆j (O∆i∩∆j ,O∆j ).
Now, since ∆j is an integral scheme, and ∆i ∩∆j is a proper subset of ∆j , so
HomO∆j (O∆i∩∆j ,O∆j ) = 0.
(ii) Ext1(
d⊕
i=1,i6=j
π∗2,iO(1)|∆i , π
∗
2,jO(1)|∆j ) =
d⊕
i=1,i6=j
Ext1(π∗2,iO(1)|∆i ,O(1)|∆j ) =
d⊕
i=1,i6=j
(π∗2,iO(−1)
⊗
π∗2,jO(1))Ext
1(O∆i ,O∆j).
Now, consider the exact sequence:
0 O(−∆i) OX×SU O∆i 0
Applying Hom( ,O∆j) to the above exact sequence, we get:
0 O∆j O(∆i)|∆j Ext
1(O∆i ,O∆j ) 0
i.e. Ext1(O∆i ,O∆j )
∼= π∗1TX/S |∆i∩∆j .
Therefore, H0(X ×S U , (π
∗
2,iO(−1)
⊗
π∗2,jO(1))Ext
1(O∆i ,O∆j)) =
H0(X ×S U , (π
∗
2,iO(−1)
⊗
π∗2,jO(1))
⊗
π∗1TX/S |∆i∩∆j )
= H0((X ×S U) ∩∆i ∩∆j , (π
∗
2,iO(−1)
⊗
π∗2,jO(1))
⊗
π∗1TX/S |∆i∩∆j).
Without loss of generality, assume i = 1, j = 2. Then, ∆1 ∼= Z, where this isomorphism is given by ∆1 →֒
X×S Z → Z. Under this ismorphism (X×S U)∩∆1 ∼= U and ∆1 ∩∆2 ∼= (P(E)×X P(E))×S (P(E))d−2,
and the line bundle (π∗2,iO(−1)
⊗
π∗2,jO(1))
⊗
π∗1TX/S |∆1
∼= p∗1O(−1)
⊗
p∗2O(1)× (p ◦ p1)
∗TX/S .
Let us denote the subscheme (P(E)×XP(E))×S(P(E))d−2 →֒ Z by Y , and the line bundle p∗1O(−1)
⊗
p∗2O(1)×
(p ◦ p1)
∗TX/S |Y by L.
We need to show that H0(Y ∩ U ,L) = 0.
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Now, Y \ U =
⋃
i,j
(∆i,j ∩ Y )
⋃
i,j,k
(∆i,j,k,X ∩ Y ).
Claim. (a) codimY (∆i,j ∩ Y ) ≥ 2
(b)If {1, 2} * {i, j, k}, then codimY (∆i,j,k,X) ≥ 2.
(c) ∆1,2,k,X has codimension 1 in Y .
Proof of Claim.(a) If {i, j} 6= {1, 2}, then ∆i,j ∩ Y ∼= (P(E) ×X P(E)) ×S (P(E))d−3, and hence has
codimension ≥ 2 subset in Y .
If (i, j) = (1, 2), then ∆1,2 ∼= P(E)×S (P(E))d−2, and since rank E ≥ 3, it has codimension ≥ 2 in Y .
(b) If {1, 2} ∩ {i, j, k} = φ, then
∆i,j,k,X ∩ Y ∼= (P(E)×X P(E))×S (P(E)×X P(E)×X P(E))×S (P(E))d−5
If i = 1 and {j, k} ∩ {1, 2} = φ, then
∆i,j,k,X ∩Y ∼= (P(E)×X P(E)×X P(E)×X P(E))×S (P(E))d−4. Hence, both in these two cases we have
codimension of ∆i,j,k,X ∩ Y ≥ 2 in Y .
(c) ∆1,2,k,X ∼= P(E)×X P(E)×X P(E)×S (P(E))d−3. Hence it has codimension 1 in Y . 
Let us denote the open set Y \ (
⋃
k≥3
∆1,2,k,X) by V . Then, by the above claim
H0(Y ∩ U ,L) = H0(V,L).
Now, if s ∈ H0(V,L|V ), then for some t ∈ H
0(Y,O(
d∑
k=3
∆1,2,k,X)), st
n extends to a global section of
L
⊗
O(
d∑
k=3
n∆1,2,k,X), for some n ∈ N. So, it is enough to show that H0(Y,L
⊗
O(
d∑
k=3
n∆1,2,k,X)) = 0
∀n ∈ N. Now, this follows from the next claim.
Claim: (p2 × p3 × ..× pd)∗(L
⊗
O(
d∑
k=3
∆1,2,k,X)) = 0
Proof of claim. Let us denote the P(E) ×S (P(E))d−2 → P(E) the k-th projection to P(E) by p′k,
where 3 ≤ k ≤ d.
Now, consider the following diagram:
(P(E)×X P(E))×S (P(E))d−2
(P(E))×S (P(E))d−2
X ×S X
d−2
p2×p3×..×pd=:f
(p◦p′2)×(p◦p
′
3)×...×(p◦p
′
d)=:g
Let us denote the map p2×p3× ..×pd by f , and (p◦p
′
2)× (p◦p
′
3)× ...× (p◦p
′
d)) by g. Then, if we denote
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by Xk ⊆ X ×S X
d−2 the closed subscheme whose points are of the form (x1, x2, .., xd−1) with x1 = xk,
then O(
d∑
k=3
n∆1,2,k,X)) = (g ◦ f)
∗O(
d∑
k=2
nXk).
Hence, by projection formula we have
f∗(L
⊗
O(
d∑
k=3
n∆1,2,k,X)) = f∗((p1)∗O(−1)
⊗
(p2)
∗O(1)
⊗
(p ◦ p2)
∗TX/S
⊗
O(
d∑
k=3
n∆1,2,k,X))
= (f∗((p1)
∗O(−1)))
⊗
((p′2)
∗O(1))
⊗
(p ◦ p′2)
∗TX/S
⊗
g∗O(
d∑
k=2
nXk))
(2.2)
Hence, it is enough to show that f∗(p1)
∗O(−1) = 0.
Now consider the following fibered diagram:
(P(E)×X P(E))×S (P(E))d−2 P(E)
P(E)×S (P(E))d−2 X
p1
f p
p◦p′2
Since p ◦ p′2 is flat, we have by [7, Prop. 9.3]
f∗p
∗
1O(1)
∼= (p ◦ p′2)
∗p∗O(−1) = 0. 
(iii) As before, we identify ∆j with Z. Then, we have,
H0(X ×S U ,Hom((π1 × π2,j)
∗F(E, 1), π∗2,jO(1)|∆j ))
= H0(U ,Hom(p∗jF(E, 1)|∆1 , p
∗
jO(1))) = H
0(U , p∗j (F(E, 1)
∨|∆1
⊗
O(1))).
Now, since p∗j (F(E, 1)
∨|∆1
⊗
O(1)) is vector bundle over Z and codimension of Z \ U ≥ 2, hence,
H0(U , p∗j (F(E, 1)
∨|∆1
⊗
O(1))) = H0(Z, p∗j (F(E, 1)
∨|∆1
⊗
O(1))).
Using projection formula for the morphism pj, we get that
H0(U , p∗j (F(E, 1)
∨|∆1
⊗
O(1))) = H0(P(E), (F(E, 1)∨|∆1
⊗
O(1))).
Now, over P(E), F(E, d)∨|∆1
⊗
O(1) ∼= TP(E)/S. Hence, we have the result. 
3. Applications
Corollary 3.1. We have the following left exact sequence of algebraic groups:
0 GL(E)/k∗ Auto(Q(E, d)/S) Auto(X/S) (3.1)
The corresponding sequence of lie algebras is given by:
0 H0(X, ad E) H0(Q(E, d), TQ)(E,d)/S) H
0(X, TX/S) (3.2)
Proof. The left exactness of the above sequences follow from Theorem 2.1 and from the fact that
Auto(P(E)/S) and its lie algebra fits into the above exact sequences.

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Corollary 3.2. If genus of the fibres of X → S is ≥ 2, then
(i)Auto(Q(E, d)/S) = GL(E)/k∗
(ii)H0(Q(E, d), TQ(E,d)/S) = H
0(X, ad E)
Proof. If genus of each fibre is ≥ 2, then (pS)∗TX/S = 0. In particular, H
0(X, TX/S) = 0. Hence,
Auto(X/S) = 0. Now the corollary follows from Theorem 2.1 
Corollary 3.3. Let C is a smooth projective curve of genus ≥ 2 over an algebraically closed field k. Fix
d¯ = (d1, d2, .., dk) ∈ Nk with d1 > d2 > .. > dk and r ≥ 1. Let D(r, d¯) be the flag scheme of filtration
of quotients of OrC → B1 → B2 → .. → Bd, where O
r
C → Bi is a torsion quotient of degree di[1,2.A.1].
Then,
(i)H0(D(r, d¯), TD(r,d¯)) = sl(r)
(ii)Auto(D(r, d¯)) = PGL(r)
Proof. Over C ×D(r, (d2, d3, .., dk)) we have the universal chain of filtrations:
A(r, d2) ⊆ A(r, d3) ⊆ .. ⊆ A(r, dk) ⊆ O
r
C×D(r,(d1,d−2,..,dk))
Then D(r, d¯) is the relative quot scheme of
torsion quotients of degree d1 − d2 of the vector bundle A(r, d1) for the map C × D(r, (d2, d3, .., dk)) →
D(r, (d2, d3, .., dk)). Then, by Corollary 3.1, we get that
H0(D(r, d¯), TD(r,d¯)/D(r,(d2,d3,..,dk))
) = H0(C × D(r, (d2, d3, .., dk)), ad A(r, d2)). Now, we know that for
k ≥ 1, A(r, d2) is stable with respect to certain polarisations on
C × D(r, (d2, d3, .., dk)) [4, Th.3.2.4, Th. 5.1], so H
0(C × D(r, (d2, d3, .., dk)), ad A(r, d2)) = 0. Now, by
induction on k, we get that H0(D(r, d¯), TD(r, d¯)) = H
0(C, ad OrC) = sl(r).(ii) follows immediately from
this fact. 
Corollary 3.4. Let C be a smooth projective curve over an algebraically closed field k. Let E be a vector
bundle of rank ≥ 3 over C. Fix d ≥ 1. Let Q(E, d) be the quot scheme of torsion quotients of E of degree
d. Then,
(i)(a)If genus of C = 0,i.e. C ∼= P1, then
Auto(Q(E, d)) =PGL(2, k)⋉GL(E)/k∗.
(b) If genus of C = 1 and if E is semistable, then
We have the following sequence of algebraic groups:
0 GL(E)/k∗ Auto(Q(E, d)) Auto(C) 0
In both of these cases, we have the exact sequence of lie algebras:
0 H0(C, ad E) H0(Q(E, d), TQ(E,d)) H
0(C, TC) 0
(ii) If E is not semistable, then Auto(Q(E, d)) = GL(E)/k∗ and H0(Q(E, d), TQ(E,d)) = H
0(C, ad E)
Proof. (i)(a) If C ∼= P1, then any vector bundle E admits a GL(2) linearisation, in paricular we have
a homomorphism GL(2) → Auto(Q(E, d)). This homomorphism factors through PGL(2, k) and gives a
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section to the map Auto(Q(E, d)) → PGL(2, k). Therefore, the left exact sequence (3.1) is exact in this
case and it splits.
(b) We show that for any g ∈ Auto(C) g∗E ∼= E. This will show that the sequence (3.1) is also right
exact in this case.
We know that E ∼=
⊕
Ei, where Ei’s are indecomposable vector bundles. Since, E is semistable, hence
µ(Ei) = µ(Ej) ∀i, j. Since the Q(E, d) ∼= Q(E
⊗
L, d) canonically for any line bundle L, after twisting
E by a line bundle of appropriate degree, we can assume µ(E) = µ(Ei) = 0 ∀i. By [5,Th.5(i)], Ei ∼=
Fri
⊗
Li, where Fri is the unique indecomposable vector bundle of rank ri with H
0(C,Eri) 6= 0 and L
is a line bundle of degree 0.
It follows that for any g ∈ Auto(C), g∗Fr ∼= Fr, since g
∗Fr is also indecomposable bundle of degree 0 and
rank r with H0(C, g∗Fr) 6= 0.
So, we need to show that g∗L ∼= L for any L ∈ Pico(C).
Fix a base point x0 ∈ C. Then, under the group structure of C with x0 as the identity, Aut
o(C) ∼= C i.e.
any element of Auto(C) is given by y 7→ y +C x for a fixed x ∈ C.(Here we denote the group addition of
C by +C) Fix such an automorphism x ∈ C ∼= Aut
0(C)
Now, (C, x0,+C) ∼= Pic
o(C), with the morphism given by z 7→ O(z − x0).
Let us assume L = O(z − x0) for z ∈ C.
Then x∗L = O((z −C x)− (x0 −C x)).
Since, (C, xo,+C) ∼= Pic
0(C) is a homomorphism, it follows that
x∗L ∼= O((z −C x)− (x0 −C x)) = O(((z −C x)− x0)− ((x0 −C x)− x0))
= O((z − x0)− (x− x0)− (x0 − x0) + (x− x0)) = O(z − x0) = L.
Hence, it follows that for any g ∈ Auto(C), g∗E ∼= E for any E semistable.
(ii) By [6, Proposition 6.13], every semi-homogenous vector bundle[6, Definition 5.2] is semistable. In
particular, if E is not semistable, then the map H0(P(E), TP(E)) → H0(C, TC) is zero. Hence, using
sequence (3.2), we get H0(C, ad E)→ H0(Q(E, d), TQ(E,d)) is an isomorphism. From this, it follows that
Auto(Q(E, d)) = GL(E)/k∗.

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